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Abstract
We investigate strong pairing fluctuations and effects of a harmonic trap in the superfluid phase
of an ultracold Fermi gas. Including amplitude and phase fluctuations of the inhomogeneous
superfluid order parameter ∆(r) in a trap within a combined T -matrix theory with the local density
approximation, we examine local properties of single-particle excitations and a thermodynamic
quantity in the BCS-BEC crossover region. Below the superfluid phase transition temperature Tc,
we show that inhomogeneous pairing fluctuations lead to a shell structure of the gas cloud in which
the spatial region where the ordinary BCS-type superfluid density of states appears is surrounded
by the region where the pseudogap associated with strong pairing fluctuations dominates single-
particle excitations. The former spatial region enlarges to eventually cover the whole gas cloud
far below Tc. We also examine how this shell structure affects the photoemission spectrum, as
well as the local pressure. Since a cold Fermi gas is always trapped in a harmonic potential, our
results would be useful for the study of strong-coupling superfluid physics, including this realistic
situation.
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I. INTRODUCTION
Since the background physics of superfluid Fermi gases[1–4] is similar to that of metallic
superconductivity, the former system is now expected as a useful quantum simulator for
the latter. A tunable pairing interaction associated with a Feshbach resonance[5–10] in a
cold Fermi gas enables us to study Fermi superfluids from the weak-coupling BCS (Bardeen-
Cooper-Schrieffer) regime to the strong-coupling BEC (Bose-Einstein condensation) regime
in a unified manner[5–15]. In this BCS-BEC crossover, one can systematically examine
strong-coupling effects by adjusting the interaction strength.
While there exist various similarities between a superfluid Fermi gas and metallic su-
perconductivity, the presence of a trap potential is peculiar to the former. Because of this
confined geometry, physical quantities naturally become inhomogeneous. Thus, when an
experiment has no spatial resolution, it gives spatially averaged data. For example, the
photoemission-type experiment developed by JILA group[16–19] so far has no spatial reso-
lution, so that the observed data involve single-particle excitation spectra at various spatial
positions. Thus, the spatial inhomogeneity is a crucial key in considering single-particle
properties of a superfluid Fermi gas by using this experiment. Since a bulk superconductor
is usually a uniform system, this problem is also important in using a superfluid Fermi gas
as a quantum simulator for superconductivity.
In this paper, we investigate effects of a harmonic trap on strong-coupling properties of
a superfluid Fermi gas in the BCS-BEC crossover region. In particular, as a typical strong-
coupling phenomenon, we deal with the pseudogap problem[20–27]. In this phenomenon,
strong pairing fluctuations induce a dip structure in the density of states above the superfluid
phase transition temperature Tc. In our previous paper for a uniform Fermi gas[28], we
showed that the pseudogap still remains just below Tc. Then, in a trapped superfluid Fermi
gas, we can expect the inhomogeneous situation that while the BCS-type superfluid density
of states appears in the trap center, the pseudogap is still dominant in the outer region of
the gas cloud (where the superfluid order parameter is small and pairing fluctuations are
strong).
To confirm such a shell structure, it is convenient to examine the superfluid local density of
states (LDOS), as well as the local spectral weight (LSW). In this paper, using a combined
T -matrix theory with the local density approximation (LDA), we identify the pseudogap
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region in the phase diagram with respect to the interaction strength, temperature, and
spatial position. We also discuss how the shell structure affects the photoemission spectrum.
Besides single-particle excitations, thermodynamic properties has also attracted much
attention in the BCS-BEC crossover region[8, 9, 29–36]. In this paper, we consider the local
pressure P (r) as a typical thermodynamic quantity. Recently, Ho and Zhou[34] proposed
a useful idea to determine P (r) from the density profile. Using this, Nascimbene and co-
workers[36] measured P (r) in the unitarity limit of a 6Li Fermi gas, as a function of the
LDA fugacity ζ(r) = eµ(r)/kBT (where µ(r) is the LDA chemical potential). They reported
that the observed pressure is well described by the Fermi liquid theory. In this paper, we
clarify to what extent strong pairing fluctuations affect P (r), comparing our results with
the experimental data[36].
This paper is organized as follows. In Sec.II, we explain our formulation. In Sec.III, we
present our numerical results on LDOS and LSW in the BCS-BEC crossover below Tc. We
also identify the region where the pseudogap dominates single-particle excitations in the
phase diagram of a trapped Fermi gas. In Sec.IV, we consider the photoemission spectrum.
We clarify how the inhomogeneous pseudogap affects this quantity below Tc. In Sec.V, we
treat the local pressure P (r). We show that the calculated P (r) agrees well with the recent
experiment on a 6Li Fermi gas[36]. Throughout this paper, we set ~ = kB = 1.
II. FORMULATION
We consider a two-component superfluid Fermi gas in a harmonic potential, described by
the BCS Hamiltonian. In the Nambu representation, it has the form[28, 37],
H =
∑
p
Ψ†p
[
ξpτ3 −∆τ1
]
Ψp − U
∑
q
ρ+(q)ρ−(−q). (1)
(Effects of a harmonic trap is later included within LDA.) Here,
Ψp =

 cp↑
c†−p↓

 (2)
is the two-component Nambu field, where c†p,σ is the creation operator of a Fermi atom with
pseudospin σ (=↑, ↓), describing two atomic hyperfine states. ξp = εp − µ = p2/(2m) − µ
is the kinetic energy, measured from the Fermi chemical potential µ (where m is an atomic
3
FIG. 1: (a) Self-energy correction Σp(iωn, r) in the combined T -matrix theory with LDA. The wavy
line is the particle-particle scattering matrix Γs,s
′
q (iνn, r) (s, s
′ = ±), describing amplitude and
phase fluctuations of the superfluid order parameter. The solid and dashed lines describe the LDA
mean-field Green’s function G0p(iωn, r) = [iωn − ξp(r)τ3 + ∆(r)τ1]−1, and the pairing interaction
−U , respectively. The bubble diagram describes the pair-correlation function Πs,s′q (iνn, r).
mass). −U (< 0) is a pairing interaction, which is assumed to be tunable by adjusting the
threshold energy of a Feshbach resonance. τj (j = 1, 2, 3) are the Pauli matrices, acting on
the particle-hole space. In this paper, we take the superfluid order parameter,
∆ = U
∑
p
〈c−p↓cp↑〉, (3)
to be real and be parallel to the τ1-component. In this case, the generalized density operators
ρj(q) =
∑
pΨ
†
p+q/2τjΨp−q/2 (j = 1, 2) in ρ±(q) = [ρ1(q) ± iρ2(q)]/2 describe amplitude
and phase fluctuations of the superfluid order parameter, respectively[38].
As usual, we measure the interaction strength in terms of the s-wave scattering length
as, which is related to the pairing interaction −U as[15],
4pias
m
= − U
1− U∑ωcp 12εp , (4)
where ωc is a high-energy cutoff.
We now include effects of a harmonic trap potential V (r) = mω2trr
2/2 within LDA.
This extension is achieved by simply replacing the Fermi chemical potential µ by the LDA
expression µ(r) = µ−V (r)[25, 39]. Various quantities then depend on the spatial position r
through µ(r). For example, the 2× 2-matrix LDA single-particle thermal Green’s function
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is given by
Gp(iωn, r) =
1
iωn − ξp(r)τ3 +∆(r)τ1 − Σp(iωn, r) , (5)
where ξp(r) = εp−µ(r), and ωn is the fermion Matsubara frequency. ∆(r) is the LDA super-
fluid order parameter. The LDA self-energy Σp(iωn, r) involves effects of pairing fluctuations
within the T -matrix approximation, which is diagrammatically given by Fig. 1[22, 28]. Sum-
ming up these diagrams, we obtain
Σp(iωn, r) = −T
∑
q,νn
∑
s,s′=±
Γs,s
′
q (iνn, r)τ−sG
0
p+q(iωn + iνn, r)τ−s′. (6)
Here, τ± = [τ1 ± iτ2]/2, and νn is the boson Matsubara frequency. G0p(iω, r) = [iωn −
ξp(r)τ3+∆(r)τ1]
−1 is the LDA mean-field Green’s function. The particle-particle scattering
matrix Γs,s
′
q (iνn, r) has the form
 Γ+−q (iνn, r) Γ++q (iνn, r)
Γ−−q (iνn, r) Γ
−+
q (iνn, r)

 = −U

1 + U

 Π−+q (iνn, r) Π++q (iνn, r)
Π−−q (iνn, r) Π
+−
q (iνn, r)




−1
, (7)
where
Πs,s
′
q (iνn, r) = T
∑
p,ωn
Tr
[
τsG
0
p+q/2(iωn + iνn, r)τs′G
0
p−q/2(iωn, r)
]
(8)
is the lowest-order pair correlation function with respect to the pairing interaction. Carrying
out the ωn-summation in Eq. (8), we obtain
Π++q (iνn, r) =
1
4
∑
s=±1
∑
p
s∆(r)2
Ep+q/2(r)Ep−q/2(r)
Ep+q/2(r) + sEp−q/2(r)
ν2n + (Ep+q/2(r) + sEp−q/2(r))
2
×
[
tanh
(
Ep+q/2(r)
2T
)
+ s tanh
(
Ep−q/2(r)
2T
)]
, (9)
Π+−q (iνn, r) =
1
4
∑
s=±1
∑
p
[[
1 + s
ξp+q/2(r)ξp−q/2(r)
Ep+q/2(r)Ep−q/2(r)
]
1
iνn − (Ep+q/2(r) + sEp−q/2(r))
+
[
1− ξp+q/2(r)
Ep+q/2(r)
] [
1− s ξp−q/2(r)
Ep−q/2(r)
]
iνn
ν2n + (Ep+q/2(r) + sEp−q/2(r))
2
]
×
[
tanh
(
Ep+q/2(r)
2T
)
+ s tanh
(
Ep−q/2(r)
2T
)]
. (10)
The other components are given by Π−−q (iνn, r) = Π
++
q (iνn, r), and Π
−+
q (iνn, r) =
Π+−q (−iνn, r). In Eqs. (9) and (10), Ep(r) =
√
ξp(r)2 +∆(r)2 is the LDA Bogoliubov
single-particle excitation spectrum.
5
FIG. 2: (Color online) (a) Calculated LDA superfluid order parameter ∆(r = 0). The inset shows
Tc, normalized by the Fermi temperature TF. (b) Spatial variation of ∆(r). RF =
√
2εF/(mω
2
tr)
is the Thomas Fermi radius, where εF is the Fermi energy. (c) Chemical potential µ. The dashed
line shows Tc. The inset shows µ(T = Tc).
We self-consistently determine the local superfluid order parameter ∆(r) and the chemical
potential µ, by solving the LDA gap equation,
1 = U
∑
p
1
2Ep(r)
tanh
Ep(r)
2T
, (11)
together with the equation for the total number N of Fermi atoms,
N =
∫ ∞
0
4pir2drn(r), (12)
where n(r) = 2T
∑
p,ωn
Gp(iωn, r)|11eiδωn is the particle density. Within the framework of
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FIG. 3: (Color online) Atomic density profile n(r) in the BCS-BEC crossover below Tc. (a)
(kFas)
−1 = −1 (BCS side). (b) (kFas)−1 = 0 (unitarity limit). (c) (kFas)−1 = 0.8 (BEC side).
LDA, Tc is determined from the BCS-type Tc-equation in the trap center (r = 0)[25, 26, 39],
1 = U
∑
p
1
2ξp
tanh
ξp
2T
. (13)
Figure 2 shows the self-consistent solutions of ∆(r) and µ. We will use these numerical
results in calculating various quantities in later sections.
We note that the LDA gap equation (11) gives the vanishing superfluid order parameter
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FIG. 4: (Color online) Mean-filed contribution nMF(r) and fluctuation contribution nB(r) to the
density profile n(r) at 0.5Tc in the unitarity limit. The LDA superfluid order parameter ∆(r0)
vanishes at r = r0, at which a cusp appears in nB(r), .
∆(r) = 0 for r ≥ r0, where r0 is determined from the equation,
1 = U
∑
p
1
2ξp(r0)
tanh
ξp(r0)
2T
. (14)
However, this vanishing ∆(r > r0) is an artifact of LDA, because the superfluid order
parameter should be finite everywhere in the gas cloud below Tc. Since the correct ∆(r)
would be large around the trap center, r0 obtained in LDA should be interpreted as a
characteristic radius, inside of which the magnitude of ∆(r) is large.
As pointed out in Ref.[21], the LDA atomic density profile n(r) has a cusp at r = r0, which
becomes more remarkable as one approaches the strong-coupling regime, as shown in Fig.
3. Dividing n(r) into the sum of the mean-field part nMF(r) = 2T
∑
p,ωn
G0p(ωn, r)|11eiδωn
and the fluctuation contribution,
nB(r) = 2T
∑
p,ωn
[
Gp(ωn, r)−G0p(ωn, r)
] |11eiδωn . (15)
we find in Fig. 4 that the cusp only appears in nB(r). In a Bose gas BEC, the LDA density
profile at Tc is known to exhibit a cusp at r = 0[40], which is also seen in Figs. 3(b) and
(c) at Tc. Since nB(r) reduces to twice the molecular density profile in the BEC limit, the
cusp singularity seen in Fig. 3 is found to be the same artifact of LDA as in the Bose gas
case[40].
Once ∆(r) and µ are determined, the LDA single-particle spectral weight (LSW)
A(p, ω, r) is conveniently calculated from the analytic continued Green’s function as
A(p, ω, r) = −1
pi
ImGp(iωn → ω + iδ, r)|11. (16)
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The local density of states (LDOS) ρ(ω, r) is related to LSW as
ρ(ω, r) =
∑
p
A(p, ω, r). (17)
For the infinitesimally small positive number δ appearing in Eq. 16, to avoid unphysical
fine structures in LDOS and LSW, we take δ = 0.01εF in numerical calculations.
The local spectral weight (LSW) is also related to the photoemission spectrum[16, 17].
In this experiment, atoms in one of the two atomic hyperfine states (≡ | ↑〉) are transferred
to another hyperfine state |3〉 ( 6= | ↑〉, | ↓〉) by rf-pulse, and one measures the rf-tunneling
current from | ↑〉 to |3〉. In 40K Fermi gases, because the so-called final state interaction
can be safely ignored[16, 17], |3〉 may be treated as a non-interacting state. Using the linear
response theory, we obtain the rf-tunneling current as,
I(p,Ω, r) = 2pit2FAp(ξp(r)− Ω, r)f(ξp(r)− Ω). (18)
For the derivation of Eq. (18), we refer to Ref.[26]. tF represents a transfer matrix element
between | ↑〉 and |3〉. f(ε) is the Fermi distribution function. Noting that the current
photoemission-type experiment does not have spatial resolution, we take the spatial average
of Eq. (18) as
Iave(p,Ω) =
2pit2F
4piR3F/3
∫
drAp(ξp(r)− Ω, r)f(ξp(r)− Ω). (19)
Here, RF =
√
2εF/(mω
2
tr) is the Thomas-Fermi radius (where εF is the Fermi energy), and
Ω = ωL−ω3 is the energy difference between the incident photon energy ωL and the energy ω3
of the final state |3〉. Equation (19) is related to the observed photoemission spectrum[16, 17]
p2Ap(ω)f(ω), as well as the occupied density of states ρ(ω)f(ω), as
p2Ap(ω)f(ω) = p
2Iave(p,Ω→ ξp − ω), (20)
ρ(ω)f(ω) =
1
2pi2
∫
dpp2Ap(ω)f(ω). (21)
To calculate the local pressure in a gas cloud, we employ the idea proposed by Ho
and Zhou[34]. That is, using the Gibbs-Duham equation for the local pressure, dP (r) =
n(r)µ(r) + s(r)dT (where s(r) is the entropy density), we obtain dP (r) = n(r)dµ(r) for a
fixed value of T . Then, using the relation dµ(r) = mω2rdr and P (r→∞) = 0, one finds[34]
P (r) = mω2
∫ r
∞
r′dr′n(r′). (22)
Substituting the calculated particle density n(r) shown in Fig. 3 into Eq. (22), we numeri-
cally carry out the integration in Eq. (22) to obtain the local pressure P (r).
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FIG. 5: (Color online) Calculated local density of states ρ(ω, r) in the unitarity limit ((kFas)
−1 = 0).
(a1)-(a4) r = 0. (b1)-(b4) r = 0.5RF. (c1)-(c4) r = RF.
III. PSEUDOGAP AND SUPERFLUID GAP IN A TRAPPED FERMI SUPER-
FLUID
Figure 5 shows the local density of states (LDOS) ρ(ω, r) in the unitarity limit of a
superfluid Fermi gas. In the trap center (panels (a1)-(a4)), a large dip structure associated
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with strong-pairing fluctuations is seen around ω = 0 at Tc. This pseudogap has already
appeared above Tc[26] (although we do not show the result here). At 0.9Tc (panel (a2)),
although the LDA superfluid order parameter ∆(r = 0) is finite, LDOS still has a finite value
at ω = 0, because of residual pairing fluctuations below Tc. The BCS-type full gap structure
can be only seen below T ≃ 0.8Tc. Far below Tc (panel (a4)), the ordinary BCS-type density
of states is realized, being accompanied by sharp coherence peaks at the excitation edges.
Panels (a1)-(a4) indicate that the pseudogapped LDOS at r = 0 smoothly changes into the
superfluid density of states with decreasing the temperature.
At r = 0.5RF, since pairing fluctuations are weaker than those in the trap center, the
pseudogap (dip) structure does not appear at Tc, as shown in Fig. 5(b1). As mentioned
previously, the LDA superfluid order parameter ∆(r) vanishes at r ≥ r0(T ), so that pairing
fluctuations at r > r0 continues to develop even below Tc. Because of this, the gradual
development of the pseudogap around ω = 0 is seen in Fig. 5(b2) and (b3). (We note that
∆(r = 0.51RF) = 0 at T = 0.7Tc.) Far below Tc, since the LDA superfluid order parameter
at r = 0.5RF becomes finite, the ordinary BCS superfluid density of states is obtained, as
shown in Fig. 5(b4).
The particle density is very low around the edge of the gas cloud (r ∼ RF), so that the
superfluid order parameter is small and pairing fluctuations are weak there. As a result,
LDOS at r = RF shown in panels (c1)-(c4) is close to the density of states of a free Fermi
gas,
ρ(ω, r = RF) ∼
√
ω + µ(r)Θ(ω + µ(r)), (23)
where Θ(x) is the step function.
Since pairing fluctuations are weak in the BCS regime, the ordinary BCS-type superfluid
density of states is soon realized below Tc. (See Figs. 6(a1)-(a4).) On the other hand, LDOS
in the BEC regime (Figs. 6(b1)-(b4)) is characterized by a fully gapped structure, reflecting
the large binding energy of a tightly bound molecule, which has been already formed above
Tc. While the gap size is almost unchanged below Tc, the growth of the coherence peaks can
be seen with decreasing the temperature.
In our previous paper[28] for a uniform Fermi gas, we have introduced two characteristic
temperatures T ∗ and T˜ ∗ to identify the pseudogap regime. T ∗ corresponds to the ordinary
pseudogap temperature, namely, it is defined as the temperature at which a dip (pseudogap)
structure appears in the density of states above Tc. At T˜
∗, the superfluid density of states
11
FIG. 6: (Color online) Calculated local density of state at r = 0. (a1)-(a4) (kFas)
−1 = −1 (BCS
regime). (b1)-(b4) (kFas)
−1 = 0.8 (BEC regime).
ρ(ω = 0) is suppressed by 50% compared to the value of ρ(ω = 0) at Tc. Since the mean-
field BCS state always has the vanishing density of states at ω = 0 below Tc, the fact that
ρ(ω = 0) still has a large value at T˜ ∗ ≤ T ≤ Tc means the importance of pairing fluctuations
there. We have regarded the region T˜ ∗ ≤ T ≤ T ∗ as the pseudogap (PG) regime[28], where
pairing fluctuations dominate single-particle excitations.
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FIG. 7: (Color online) (a) Three-dimensional phase diagram of a trapped superfluid Fermi gas.
The solid line at r = 0 is Tc. For the definitions of T
∗(r) and T˜ ∗(r), see the text. r0(T ) is the
spatial position where the LDA superfluid order parameter vanishes at T . ‘SF’ is the superfluid
region where single-particle excitations are close to the ordinary BCS-type. ‘PG’ is the pseudogap
regime characterized by the pseudogapped local density of states. ‘NF’ is the normal Fermi gas
region where neither the superfluid gap nor the pseudogap appears in LDOS. In the BEC regime
where µ < 0, we also plot 2|µ(Tc)|, which gives the characteristic temperature where two-body
bound states appear. The right side of this line may be viewed as a molecular Bose gas, rather
than a Fermi gas. In this regime, ‘MBEC’ is the region which is well described by the BEC of
tightly bound molecules. ‘NB’ is the region of a non-condensed molecular Bose gas. We also
show the tomographic views of this phase diagram in panels (b) (kFas)
−1 = −0.5 (BCS side), (c)
(kFas)
−1 = 0 (unitarity limit), and (d) (kFas)
−1 = 0.5 (BEC side).
Extending the above discussion to the present trapped case, we introduce two charac-
teristic temperatures T ∗(r) and T˜ ∗(r). T ∗(r) is defined as the temperature at which a dip
(pseudogap) structure appears in ρ(ω, r) around ω = 0. T˜ ∗(r) is determined from the con-
13
FIG. 8: (Color online) Spatial variation of LDOS at T = 0.5Tc in the unitarity limit.
dition that ρ(ω = 0, r) is suppressed by 50% compared with the value at the temperature
where the LDA superfluid order parameter at r becomes finite.
Using T ∗(r) and T˜ ∗(r), we obtain the phase diagram of a trapped Fermi gas in Fig.
7(a). At r = 0, the overall structure is essentially the same as the phase diagram for a
uniform Fermi gas[28]. As in the uniform case, we call the region between T˜ ∗(r) and T ∗(r)
the pseudogap (PG) region. The BCS-type superfluid density of states only appears below
T˜ ∗(r) (SF region). Above T ∗(r) (NF region), the pseudogap is absent in LDOS, where
excitation properties are close to those of a normal Fermi gas.
In Fig. 7(a), we also plot 2|µ(Tc)| in the BEC regime where the Fermi chemical potential
µ(T = Tc) is negative. Since 2|µ| reduces to the binding energy Eb = 1/(ma2s) of a two-body
bound state in the BEC limit, this line physically describes the characteristic temperature
where two-body bound molecules appear, overwhelming thermal dissociation. Thus, below
T ≃ 2|µ(Tc)|, the system may be viewed as a molecular Bose gas, rather than a Fermi atom
gas. In this strong-coupling regime, Tc is well described by the BEC phase transition from
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a normal-state Bose gas (NB) to the molecular BEC (MBEC).
We briefly note that, in Fig. 7, Tc is only the phase transition temperature. T
∗(r), T˜ ∗(r),
and 2|µ(Tc)| are crossover temperatures without being accompanied by any phase transition.
Figures 7(b)-(d) show that the PG region (T˜ ∗(r) ≤ T ≤ T ∗(r)) always exists along the
r0(T )-line determined by Eq. (14). Since the LDA order parameter ∆(r) becomes finite
below this line, in a sense, the r0(T )-line may be interpreted as the “local superfluid phase
transition temperature (≡ Tc(r))” within the LDA picture[42]. Thus, these panels indicate
that pairing fluctuations at r become strong near Tc(r), leading to the pseudogap around
r0(T ).
At a fixed temperature below Tc, Figs. 7(b)-(d) indicate that a trapped Fermi gas exhibits
a shell structure. For example, in the unitarity limit at T = 0.5Tc, one finds from panel (c)
that the SF, PG, and NF regions occupy the spatial regions, 0 ≤ r < 0.55RF, 0.55RF ≤ r <
0.67RF, and 0.67RF < r, respectively. In this case, as shown in Fig. 8, while the BCS-type
LDOS is obtained when r ≤ 0.55RF, the pseudogap is seen at r = r0 = 0.64RF. However,
the pseudogap does not appear when r ≥ 0.67RF.
As mentioned previously, the vanishing ∆(r) for r ≥ r0 is an artifact of LDA. In this
regard, we note that the PG region also exists below the r0(T )-lines in Figs. 7(b)-(d), where
∆(r) is small but finite. Thus, the PG region is expected to exist, even when one includes the
finite value of ∆(r > r0) by a more sophisticated treatment. In such an improved theory,
since ∆(r > r0) suppresses pairing fluctuations to some extent, the PG region would be
narrower than the LDA result.
The “SF-PG-NF shell structure” can be also seen in the spatial variation of local spectral
weight (LSW) Ap(ω, r) in the unitarity limit. In the trap center (Fig. 9(a)), the gapped
spectral structure is close to the ordinary BCS-type spectral weight,
ABCSp (ω, r = 0) =
√
1
2
(
1 +
ξp
Ep
)
δ(ω − Ep) +
√
1
2
(
1− ξp
Ep
)
δ(ω + Ep), (24)
where Ep =
√
ξp +∆2(0) is the Bogoliubov single-particle excitation spectrum at r = 0.
Since ∆(r) is smaller in the outer region of the gas cloud, the gap size seen in LSW also
becomes small, as shown in panel (b). However, although ∆(r) vanishes at r = r0 = 0.64RF,
Ap(ω, r) in panel (c) still has a gap-like structure in the low momentum region, which is
characteristic of the pseudogap phenomenon[24, 25]. This pseudogap becomes obscure in
15
FIG. 9: (Color online) Intensity of local spectral weight (LSW) Ap(ω, r) at T = 0.5Tc in the
unitarity limit. (a) r = 0. (b) r = 0.6RF. (c) r = 0.64RF (= r0). (d) r = 0.7RF. (e) r = RF. The
intensity is normalized by ε−1F . The same normalization is also used in Fig. 10.
panel (d), to eventually disappear in panel (e). At r = RF, the spectral peak line is close to
the free-particle dispersion ω = p2/(2m)− µ(RF).
In the weak-coupling BCS regime, while the BCS-type gapped spectrum, as well as the
free-particle-like peak line, can be seen at r = 0 and r = RF, respectively, a pseudogap
structure does not appear at r = r0, as shown in Fig. 10(a1)-(a3). In the uniform case, it
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FIG. 10: (Color online) Intensity of LSW at T = 0.5Tc. (a1)-(a3) (kFas)
−1 = −1 (BCS regime).
(b1)-(b3) (kFas)
−1 = 0.8 (BEC regime).
has been shown[24] that the pseudogap in the BCS regime can be more clearly seen in the
density of states than the spectral weight, leading to different pseudogap temperatures that
are determined from these quantities. In particular, when (kFas)
−1 = −1, the pseudogap is
almost invisible in the spectral weight even at Tc[24], although a dip structure appears in
the density of states. In the present trapped case, a similar situation is considered to occur
in panel (a2), although the pseudogap region exists along the r0-line in the phase diagram
in Fig. 7 (which is obtained from the local density of states).
In the BEC regime with µ < 0, Figs. 10(b1)-(b3) show that, while the lower peak line
gradually disappears with increasing r, the upper branch reduces to ω = p2/(2m) − µ(r)
around the edge of the gap cloud. The upper branch is related to the dissociation of tightly
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FIG. 11: (Color online) Calculated intensity of photoemission spectrum p2Ap(ω)f(ω). (a1)-(a3)
(kFas)
−1 = −1 (BCS regime). (b1)-(b3) (kFas)−1 = 0.8 (BEC regime). The intensity is normalized
by 2πt2F/(2m). The same normalization is used in Fig. 12
bound molecules that have been already formed above Tc, so that it exists even for ∆(r) = 0.
On other hand, since the lower branch is associated with a particle-hole coupling induced
by the superfluid order parameter[24, 25], it is absent when r ≥ r0(T ) (where ∆(r) = 0).
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FIG. 12: (Color online) Calculated intensity of photoemission spectrum p2Ap(ω)f(ω) in the uni-
tarity limit (kFas)
−1 = 0. The solid line is the free-particle dispersion ω + µ = p2/(2m). The
dashed line and dotted line show peak positions of the spectrum.
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IV. PHOTOEMISSION SPECTRUM IN A TRAPPED SUPERFLUID FERMI
GAS
Figures 11 and 12 show photoemission spectra p2Ap(ω)f(ω). As discussed in Ref.[25],
the calculated spectra at Tc (Figs. 11(a1), 11(b1) and 12(a)) agree well with the recent
experiment on a 40K Fermi gas[16, 17]. That is, starting from the weak-coupling BCS
regime, a sharp peak line along the free particle dispersion ω + µ = p2/(2m) in Fig. 11(a1)
becomes broad in the unitarity limit (Fig. 12(a1)), which eventually splits into an upper
sharp branch and a lower broad branch in the BEC regime (Fig. 11(b1)).
In the weak-coupling BCS regime, the overall spectral structure almost remains un-
changed below Tc, as shown in Fig. 11(a1)-(a3). However, when we carefully look at panel
(a2), we find the splitting of the spectral peak around p/kF = 1. The upper peak is along
the free particle dispersion ω + µ = p2/(2m), so that it comes from the NF region around
the edge of the gas cloud. On the other hand, the lower peak line does not exist in panel
(a1), and the momentum dependence is similar to the hole branch of the BCS Bogoliubov
excitation spectrum (which is given by Ep = −
√
(p2/(2m)− εF)2 +∆2 in the BCS theory).
Thus, the lower peak is considered to come from the SF region around the trap center. In
this sense, the spectral structure seen in Fig. 11(a2) is consistent with the shell structure
discussed in Fig. 7. Since the SF region spreads out to the whole the gas cloud far below
Tc, the upper peak line disappears in Fig. 11(a3).
In the unitarity limit at Tc, while the peak line along the free particle dispersion ω+µ =
p2/(2m) in Fig. 12(a) comes from the NF region, the broad spectral structure below this
reflects the PG region[25, 26]. Since the SF region only appears below T˜ ∗(r = 0) = 0.81Tc
(See the phase diagram in Fig. 7.), the photoemission spectrum almost remains unchanged
at T = 0.9Tc, as shown in Fig. 12(b). The SF region starts to develop from the trap
center below T˜ ∗(r = 0), so that the spectral weight gradually move to the lower peak line,
as shown in panels (c)-(e). In this low temperature region, in addition to the hole branch
of Bogoliubov excitations, one also slightly sees the peak line corresponding to the particle
branch of Bogoliubov excitations below the free particle dispersion (dotted line in panels (c)
and (d).) Far below Tc, because the SF region covers the whole gas cloud, and because the
Fermi distribution function in Eq. (19) suppresses the spectral intensity in the high energy
region, the photoemission spectrum is dominated by the lower Bogoliubov branch, as shown
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FIG. 13: (Color online) Calculated occupied density of states ρ(ω)f(ω) in the superfluid state below
Tc. (a) (kFas)
−1 = −1 (BCS regime). (b) (kFas)−1 = 0 (unitarity limit). (c) (kFas)−1 = −0.8
(BEC regime).
in Fig. 12(e).
In the strong-coupling BEC regime, Figs. 11(b1)-(b3) show that the photoemission spec-
trum already splits into an upper and lower branches at Tc, reflecting a large molecular
binding energy. Since the upper branch is suppressed by the Fermi distribution function in
Eq. (19) far below Tc, the lower branch is only seen in Fig. 11(b3).
Figure 13 shows the occupied density of states ρ(ω)f(ω) in a trapped superfluid Fermi gas.
In the BCS regime, as expected from the weak temperature dependence of the photoemission
spectrum in Figs. 11(a1)-(a3), the occupied density of states ρ(ω)f(ω) in Fig. 14(a) almost
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FIG. 14: (Color online) Calculated local pressure P (r) in the BCS-BEC crossover regime of a
trapped Fermi gas. (a) (kFas)
−1 = −1 (BCS regime). (b) (kFas)−1 = 0 (unitarity limit). (c)
(kFas)
−1 = 1 (BEC regime). In panel (d), we plot P (r) as a function of µ(r)/T . Experimental
results on a 6Li Fermi gas[36] are also shown in panel (d) (solid circles). P0 =
1
15pi2
(2m)3/2ǫ
5/2
F is
local pressure of a free Fermi gas at r = 0 and T = 0. P0(r) = mω
2
∫ r
∞
r′dr′
∑
p f(ξp(r
′)) is the
local pressure of a free Fermi gas where the same values of T and µ as those used in calculating
P (r) are taken.
remains unchanged below Tc. In contrast, in the unitarity limit (panel (b)), a peak starts
to grow at ω/εF ≃ −1 below T <∼ 0.7Tc to become a sharp peak far below Tc. From
the comparison with Fig. 12(c), we find that this peak corresponds to the hole branch of
Bogoliubov single-particle excitations. The growth of this sharp peak can be also seen in
the BEC regime, as shown in Fig. 13(c).
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V. LOCAL PRESSURE IN A TRAPPED FERMI GAS
Figures 14(a)-(c) show the local pressure P (r) in the BCS-BEC crossover regime of a
trapped superfluid Fermi gas. In the BCS regime, panel (a) shows that P (r) is almost T -
independent. Since P (r) is related to the particle density n(r) as Eq. (22)[43], this result
reflects the weak temperature dependence of n(r) in this region. (See Fig. 3(a)). When
the interaction strength becomes strong, Figs. 3(b) and (c) indicate that particles tend to
cluster around the trap center below Tc. This enhances the local pressure P (r) around r = 0,
as well as the decrease of P (r) around r = RF, below Tc, as shown in Fig. 14(b) and (c).
In the unitarity limit, since as diverges, the system can be described by the single dimen-
sionless parameter µ(r)/T [44]. This university also holds in the present combined T -matrix
theory with LDA, as discussed in the Appendix. Indeed, when we plot P (r) as a function
of µ(r)/T , all the results at different temperatures are well fitted by a universal function, as
shown in Fig. 14(d).
In panel (d), we also compare our result with the recent experiment on a 6Li Fermi gas
done by ENS group[36]. Without introducing any fitting parameter, our result is in good
agreement with the experiment.
We note that, although our theory correctly include the pseudogap effect associated with
strong pairing fluctuations, one cannot see a clear signature of this strong-coupling effect in
Fig. 14. Indeed, Ref.[36] reports that their experimental data can be well described by the
Fermi liquid theory. From these, one finds that the local pressure P (r) is not sensitive to
the pseudogap phenomenon. The LDA particle density n(r) in Eq. (22) is given by
n(r) =
∫ ∞
−∞
dωf(ω)ρ(ω, r). (25)
Thus, even when the LDOS ρ(ω, r) has a pseudogap structure around ω = 0, it would be
smeared out to some extent by the ω-integration in Eq. (25). The pseudogap effect would be
further smeared out by the spatial integration in Eq. (22). Because of these two integrations,
the detailed pseudogap structure in the low energy density of states is considered to be not
crucial for P (r).
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VI. SUMMARY
To summarize, we have discussed pseudogap phenomena and effects of a harmonic trap in
the BCS-BEC crossover regime of a superfluid Fermi gas. Extending our previous work for
a uniform system to include effects of a harmonic trap within the local density approxima-
tion (LDA), we clarified the coexistence of the superfluid (SF) region where the BCS-type
superfluid density of states appears and the pseudogap (PG) region which is dominated by
pseudogap phenomenon even below Tc. From the spatial and temperature dependence of
the local density of states, we identified the pseudogap region in the phase diagram with
respect to the temperature, interaction strength, and spatial position.
We have discussed the photoemission spectrum in a trapped superfluid Fermi gas. In the
BCS-BEC crossover region, the photoemission spectrum was shown to be strongly affected
by the shell structure of a trapped superfluid Fermi gas which consists of the SF region, PG
region, and the normal Fermi gas (NF) region. Since the inhomogeneity and strong-pairing
fluctuations are important key issues in considering a real trapped Fermi gas, our results
would be useful for the study of strong-coupling effects of this system, including the realistic
situation.
We have also examined pseudogap effects on the local pressure P (r). While our strong-
coupling result agrees well the recent experiment on a 6Li Fermi gas done by ENS group[36],
we showed that this thermodynamic quantity is not sensitive to the pseudogap appearing
in the single-particle density of states. This is consistent with the statement[36] that the
observed pressure in the unitarity limit can be well described by the Fermi liquid theory.
Since the pressure is not directly related to the detailed single-particle excitations compared
with the photoemission spectrum, it is possible to occur that, while the pseudogap can be
observed in the latter, such a strong-coupling phenomenon does not clearly appear in the
former thermodynamic quantity.
In this paper, we have treated the inhomogeneity of the system within LDA. While LDA
has succeeded in explaining various properties of trapped Fermi gases, it cannot correctly
describe the feature that the superfluid order parameter is finite everywhere below Tc. To
overcome this, one needs a more sophisticated inhomogeneous strong-coupling theory than
LDA. Since the presence of a trap potential is unique to the cold Fermi gas system, this
problem would be an important challenge for the further development of the BCS-BEC
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crossover theory in cold atom physics.
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Appendix A: Universality within the T -matrix approximation
To see the universality of the present combined T -matrix theory with LDA, it is convenient
to write the dimensionless self-energy Σ˜p˜(iω˜n, a˜s, µ˜(r), ∆˜(r)) ≡ T−1Σp(iωn, r) in the present
approximation in the form
Σ˜p˜(iω˜n, a˜s, µ˜(r), ∆˜(r)) = −T
∑
ν˜
n
′
∑
ss′=±
∫ ∞
0
q˜2dq˜ sin θdθΓ˜ss
′
q˜ (iν˜n′, r)
×τ−s 1
iω˜n+n′ − ξ˜q+p(r)τ3 + ∆˜(r)τ1
τ−s′, (A1)
where p˜ =
√
εp/T , q˜ =
√
εq/T , cos θ = p˜ · q˜/(p˜q˜), µ˜(r) = µ(r)/T , ∆˜(r) = ∆(r)/T ,
ξ˜p = ξp/T , and a˜s =
√
2mTas. In Eq. (A1), the dimensionless fermion Matsubara frequency
ω˜n = ωn/T = (2n + 1)pi no longer has any physical quantity. In the same manner, the
dimensionless boson Matsubara frequency is simply given by ν˜n = νn/T = 2npi. The
particle-particle scattering matrix Γ˜ss
′
q˜ (iν˜n, r) ≡ (2pi)−2
√
(2m)3TΓss
′
q (iνn, r) in Eq. (A1) has
the form,
 Γ˜+−q (iν˜n, r) Γ˜++q (iν˜n, r)
Γ˜−−q (iν˜n, r) Γ˜
−+
q (iν˜n, r)

 =

pi
2
1
a˜s
−
∫ ∞
0
dp˜−

 Π˜−+q˜ (iν˜n, µ˜(r), ∆˜(r)) Π˜++q˜ (iν˜n, µ˜(r), ∆˜(r))
Π˜−−q˜ (iν˜n, µ˜(r), ∆˜(r)) Π˜
+−
q˜ (iν˜n, µ˜(r), ∆˜(r))




−1
.
(A2)
Here, the second term on the right hand side of Eq. (A2) has been introduced to regularize
the theory. The correlation function Π˜ss
′
q˜ (iν˜n, µ˜(r), ∆˜(r)) ≡ ((2pi)2/
√
(2m)3T )×Πss′q (iνn, r)
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is given by, for example,
Π˜++q˜ (iν˜n, µ˜(r), ∆˜(r)) =
1
4
∑
s=±1
∫ ∞
0
p˜2dp˜ sin θdθ
s∆˜(r)2
E˜p+q/2(r)E˜p−q/2(r)
× E˜p+q/2(r) + sE˜p−q/2(r)
(2npi)2 + (E˜p+q/2(r) + sE˜p−q/2(r))2
×
[
tanh
(
E˜p+q/2(r)
2
)
+ s tanh
(
E˜p−q/2(r)
2
)]
, (A3)
where E˜p(r) = Ep(r)/T =
√
(p˜2 − µ˜(r))2 + ∆˜(r)2.
The dimensionless LDA superfluid order parameter ∆˜(r) obeys the gap equation,
1 = −2
pi
a˜s
∫ ∞
0
p˜2dp˜
(
1
E˜p(r)
tanh
E˜p(r)
2
− 1
)
. (A4)
Thus, ∆˜(r) is found to be a function of (a˜s, µ˜(r)).
Using Eq. (A1), we find that the dimensionless Green’s function G˜p˜(iω˜n, a˜s, µ˜(r)) ≡
TGp(iωn, r) only depends on a˜s and µ˜(r), as
G˜p˜(iω˜n, a˜s, µ˜(r)) =
1
iω˜n − ξ˜p˜(r)τ3 + ∆˜(a˜s, µ˜(r))τ1 − Σ˜p˜(n, a˜s, µ˜(r))
. (A5)
We note that ω˜n = (2n+1)pi does not involve a physical quantity. In the analytic-continued
form of Eq. (A5) is given by
G˜p˜(ω˜ + iδ, a˜s, µ˜(r)) =
1
ω˜ + iδ − ξ˜p˜(r)τ3 + ∆˜(a˜s, µ˜(r))τ1 − Σ˜p˜(ω˜ + iδ, a˜s, µ˜(r))
, (A6)
where ω˜ = ω/T . As a result, any physical quantity calculated from Gp(iωn, r) can be
written in the form AT αF (a˜s, µ˜(r)), where the coefficient A and the exponent α depend on
the detailed physical quantity we are considering. F (a˜s, µ˜(r)) is a dimensionless function
calculated from G˜, which only depends on (a˜s, µ˜(r)). Thus, when the physical quantity is
normalized by AT α, it exhibits a universal behavior with respect to (a˜s, µ˜(r)). In particular,
in the unitarity limit (where the scattering length as diverges), the universal behavior is
dominated by the single parameter µ(r)/T .
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